Some aspects of description of the Bohr-Weisskopf effect in hyperfine splitting of the H-and Li-like ions of 209 Bi are considered by application of the surface and volume models of the nuclear currents. Extension of these models, used in internal conversion theory, to description of the HFS allows one to successfully describe the effect, without resorting to the specific differences. The latters are shown not to be needed at all. Moreover, they turn out to depend on the nuclear model even stronger than the HFS values themselves. Comparison of the calculated HFS values to experiment shows a satisfactory agreement. Both models provide equally good description of the effect. However, they result in different values of the retrieved rms radius of the nuclear magnetization. In this respect, situation resembles the proton radius puzzle. Prospects of future research are discussed.
Introduction
A considerable progress during the past decades was archived in investigation of few-electron heavy ions. Specifically, this concerns study of their electronic structure and its influence on the nuclear processes. Wonderful experiments were performed studying the shell effects on the beta decay [1] . There is the comparative study of α decay in H-like and He-like ions on the urgent agenda, with respect to that in neutral atoms [2, 3, 4] . In spite of that the influence of the electron screening on the α decay is a very important question, in view of many applications in astrophysics and experiments with laser-produced plasma, it is only recently that the adequate approach has been found [2] . It was clearly shown that the frozen-shell approximation, which was used during half century, exaggerates the effect of the shell at least by an order of magnitude [3, 4] . Moreover, it gives the wrong sign of the effect [4] . Furthermore, attractive ideas concern possibilities of manipulations by the electromagnetic decay of the nuclei. A way of drastic acceleration of nuclear decay rate by means of resonance conversion was proposed by [5, 6, 7] .
A considerable attention was paid to study of the hyperfine structure of heavy ions. As compared to neutral atoms, a few-electron wavefunction can be calculated with high accuracy in heavy ions. On the other hand, QED effects give a significant contribution. This gave basis to suggest that the hyperfine splitting (HFS) can be used to test QED (e.g. [8] and Refs. cited therein). However, it was noted [8] that there is a stumbling stone on the way represented by the Bohr-Weisskopf effect [9] . This effect generates known for decades hyperfine magnetic anomalies in optical spectra of atoms. The effect is caused by the interaction of atomic electrons with the spatially-distributed magnetic moment of the nucleus. Although its contributions to the HFS of the 1s and 2s levels in the H-like and Li-like
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Bi ions comprise approximately 2% and 2.2%, respectively, its actual contribution depends on the nuclear model. Some attempts were undertaken, aimed at calculation of this effect ( [8] and Refs. cited therein). They showed, however, that there remains a contradiction with theory at the level of 20 -30 percent. Such a result should be expected, because nuclear calculations still cannot be performed ab initio in principle, in view of absence of an appropriate parameter [10] . At the same time, the BohrWeisskopf effect becomes essential for description of experimental data [11] . In view of this problem, another, roundabout way was proposed in Ref. [8] . It runs that, instead of calculation of the Bohr-Weisskopf effect, one can cancel its contribution in the specially constructed linear combination (difference) ∆ ′ E (see Eq. (6) in section 2) of the HFS values of the H-and Li-like ions, being in the 1s-and 2s states, respectively. The cancellation supposedly takes place if the parameter ζ in the combination (see Eq. (7) in section 2) is calculated in such a way that the BOHR-WEISSKOPF contribution is mutually subtracted in the difference. This combination was called specific difference (SD). In the case of
Bi ions, the calculated value of ζ = 0.16886 was then listed to fifth decimal [11, 12, 13] .
The first thing that catches your eye is that consideration of such defined SD is in contradiction with general methods of epistemology, which is founded on comparison of experimental data with theoretical values of the observables. But SD, thus defined, cannot be observed experimentally. Moreover, the operation of subtraction, aimed at mutual cancellation of small terms, is incorrect from the viewpoint of mathematics as it leads also to a considerable reduction of the main parts. We note in this relation that uncertainties do not cancel one another in subtraction. Oppositely, they are summarized in the general case. This makes the result of subtraction, that is SD in our case, less accurate than the 1s-and 2s HFS values themselves. We will see this in Section 3 and Table 1 .
And even more: for the method to work, it is necessary that parameter ζ be model independent. This idea seems to be absolutely incorrect, judging by experience of application of the theory of internal conversion (IC). It was subject to critical check in Refs. [14, 15] . At first sight, application of IC theory may seem unusual. However, this idea is not new. For the first time, IC theory was applied in Ref. [16] . Then estimations of the HFS values and the dynamic effect were performed in Refs. [7, 17, 18] . In the next section, we will show the relatedness of these two phenomena in more detail. Meanwhile, based on the methods of IC theory, the method of the magnetic moments was developed in Ref. [14] for interpretation of the penetration effects of the nuclear structure. The method was then applied in Ref. [15] , where it was shown that the conclusion of the "hyperfine puzzle" [19] was mostly due to underestimation of the model dependence of the SD. Actually, there was no puzzle at that moment, the authors should merely cite the result of paper [14] , where encounter with such a "puzzle" was literally predicted. Herein, we attack the problem in a different way as compared to [15] . We study the penetration effect on the HFS and SD values by means of comparison of the two conventional models, which are known to work well in the IC theory: surface (SC) [20] and volume (VC) [7, 21] nuclear currents. These models are opposite to one another in their physical sense. Due to the latter circumstance, the results obtained can be considered as quite general.
In section 2, we derive shortly the formulas. The results of the calculations are reported in Section 3. Unexpectedly, we arrived at the conclusion that both of the models work equally well in description of the data at the present level of precision. With different parameters, the models give the same values of the HFS for the 1s-and 2s levels up to six decimals. However, the HFS values are, naturally, very sensitive to the only parameters of the models -their radii. The ζ and ∆ ′ E values turn out to be more sensitive, than the HFS values themselves, as expected. The results are discussed in more detail in the conclusive section. In the same section, we consider analogy and possible applications of the results for better understanding of the proton radius puzzle.
When the manuscript was ready, paper [19] was issued. The authors show that the value of the magnetic moment of the nucleus µ =4.092 nuclear magnetons may be more correct than 4.1106 [22] used previously. Such a new value would essentially keep the present results, merely rescaling them by ∼ 0.5%. For the sake of completeness, the rescaled values are also presented. They demonstrate absence of any "hyperfine puzzle" within the present scope of the
Bi issue: the data can be fairly explained with any of the magnetic moment values.
Remind of the model
Feynman graphs of the hyperfine splitting and internal conversion are presented in Figures 1 and 2 , respectively. Actually, the both graphs describe the same amplitude, though defined on different areas of the external kinematical variables of the transition energy and angular momenta. In quantum mechanics and theory of field, such values can be related to each other by making use of the analytical properties of the amplitudes, and the processes themselves are spoken about as crossing channels. The method of complex transition trajectories by Landau (e. g. [23, 24] ), or complex angular momenta by Regge [25] may set examples. In the case of HFS, the analyticity of the amplitudes in Figs. 1 and 2 means that all the methods, developed in the IC theory, can be directly applied to description of HFS values, considered as the diagonal IC matrix elements in the limit of the transition energy ω → 0.
The diagram in Fig. 2 hints (correctly) that the amplitude of conversion transition factorizes into the amplitudes of virtual photon emission and its subsequent absorption by an atomic electron. As a consequence, internal conversion coefficient (ICC) is defined as the ratio of the probabilities of the conversion Γ c (τ, L) and radiative Γ γ (τ, L) transitions: where τ, L stand for the type and multipole order of the transition. We remind that ICC, as well as HFS, would be independent of the nuclear model in the limit of the point-like nuclei, where the electron penetration effects into the nuclear volume are absent. This approximation comprises the "no-penetration" (NP) nuclear model. Calculations within the framework of realistic nuclear models generally needs a two-dimensional integration over the electronic and nuclear variables within the nuclear volume (e. g. [14] ). This results in loss of the factorization, which makes ICC α(τ, L) model-dependant, as well as HFS. Some reasonable models, which take into account the penetration effects, with also keeping the amplitudes factorized, were introduced and approved by comparison to experiment. The SC nuclear model served as a basis for a number of tables of ICC (e.g. [26, 27] ), highly demanded for the research and application purposes. The VC model is expected to work even better in the case of the valence h 9/2 proton orbital in
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Bi. Furthermore, the VC model was applied for description of muonic conversion [7, 21, 28] .
Generally, in the IC theory, manifestation of the nuclear structure is classified into two kinds: static and dynamical effects ( [20, 26, 27, 29, 30, 31, 32] and Refs. cited therein). To the first kind belong the effects that arise because of change in the electronic wave functions as compared to the Dirac wavefunctions for the point-like nucleus. Coulomb wavefunctions are singular at the origin. Accounting for the finite charge distribution over the nuclear volume makes the functions regular, and brings about a correction to the internal conversion coefficients (ICC) up to 30 percent in the case of the M1 transitions in heavy nuclei [26, 29] . Turning now to paper [8] , we note that it is directly pointed out therein that holdness of the ζ and ∆ ′ E [1]values was checked against variation of the parameters of Fermi charge distribution over the nuclear volume. This just comprises the static effect. Therefore, the conclusion of the model independence of SD [8] is only drawn from investigation of the static effect, which is known not to be essential after the main shortcoming -the divergence of the Coulomb wavefunction -is resolved, indeed.
Influence of a model, used for the transition nuclear currents on the ICC values, is called the dynamical effect of the nuclear structure. It is just the dynamical effect which is responsible for differences between the experimental ICC and their table values, which are observed in some cases of forbidden nuclear transitions. These differences are also called anomalies in IC, similar to magnetic anomalies in the hyperfine spectra (e.g., [33, 34, 35] ). The dynamical effect constitutes up to ∼10 percent in heavy nuclei in the case of the M1 transitions. Turning now to HFS, we note that there is no transitions here. It is the distribution of the magnetism over the nuclear volume instead, which brings about the dynamical effect.
To a certain extent, the dynamical effect on the HFS values in the Lilike ions was tested in Refs. [36, 37] , using two very close to one another nuclear models (see below). But not on the SD's, which concept was proposed later. Actually, it was only in [14] that the SD values, calculated in different nuclear models, were compared to one another for the first time. The difference discovered comprised three percent for the SD value, which is quite a crucial value.
Within the framework of the IC theory, a general expression for HFS, allowing for the Bohr-Weisskopf effect, was obtained in Ref. [14] . Resulting expression for HFS of an electronic level reads as follows:
Here g(r), f (r) are the large and small components of the radial Dirac electronic wavefunction of the i-th level. κ is the relativistic quantum number; j, I -the electronic and nuclear spins, respectively, e -the elementary charge, µ -the magnetic moment of the nucleus, and e 2M p cthe nuclear magneton. w 0 gives the NP value, t ν , which we shall call the penetration matrix element, bears information on the nuclear structure. Therefore, the t ν value depends on the nuclear model. In the SC and VC nuclear models,
with
In the NP model Y ν (r) ≡ 0. R c is the model radius of the transition currents. We refer upper index ν to the model, and lower index i -to the electronic level.
It is thus t ν which only bears information about the Bohr-Weisskopf effect. It was proposed to get rid off it in the linear combination, called specific difference:
In terms of the penetration matrix elements (2), Eq. (6) has an evident solution
By making use of the last equation, SD (6) can be also expressed in equivalent form as follows:
where p ν i = t ν i /w ν i -the relative contribution of the Bohr-Weisskopf effect to the HFS. In view of that p 2s > p 1s , it follows from Eq. (9) that ∆ ′ E < 0. Expression (2) is equivalent to those, used in Refs. [36, 37] , and which are based on the classical analogies. Moreover, (4) for the SC model was used in papers [36, 37] under the name of "homogenius distribution". In terms of Eq. (4), model [36, 37] is reproduced by replacement of Y (r) with
Figure 3: Schematic picture explaining seeming contradiction of the terms of "homogeneous" and "surface-current"
for the same nuclear model. Homogeneously distributed inside the nucleus magnetic dipoles are shown by elementary circular currents. In the bulk, the adjacent currents mutually cancel one another. As a result, only the encircling effective current survives, resulting in the surface-current model. It is this surface current which brings about the hyperfine splitting.
Model (10) with parameter n = 0, 2 was used in Refs. [36, 37] . In a particular case of n = 0, Eq. (10) coincides with (4). This seeming paradox with the name has a simple explanation on the physical ground. In fact, it is not the transition density, but rather the transition current which determines the HFS (e. g. [14] ). On the other hand, such a classical picture of "homogenius" density distribution of elementary point-like magnetic dipoles leads to appearance of the effective current along the circle surrounding the locus, as inside the locus all the elementary currents mutually cancel one another. This directly generates the δ-form nuclear current, as illus-trated in Fig. 3 . It is worthy of noting that another such paradox was shown in Ref. [28] . It was found that muonic conversion from the states of giant dipole resonance is better described by the VC model, in spite of that the transition nuclear density has a sharp maximum on the nuclear surface.
It is worthy of noting some relations concerning the physical sense of the model parameters. In the VC model, R c , like the equivalent electromagnetic radius, equals the radius of the sphere with the homogeneos sharp edge distribution of the magnetization currents. It is related with the rms radius R 2 by means of the following expression:
In the SC model, all the multipole moment radii equal R
SC i
≡ R SC c .
Results of calculations
As it was pointed out in the original paper by Bohr and Weisskopf, the effects of the nuclear structure can be studied, using as a series expansion of the electronic wave functions within the nucleus [9] . Independently, the same series was also used in studies of the penetration effects in the cases of anomalous conversion [20, 29] . In this way, the series expansion over the multipole moments R 2 , R 4 . . . of the nuclear magnetization distribution was developed for HFS in Ref. [14] . The leading term is proportional to the square of the rms radius R 2 2 , or the second moment of the distribution of magnetism. Therefore, if two nuclear models have the same R 2 , they will result in the same HFS in this approximation. This justifies the common procedure of studies of variations of R 2 by means of the hyperfine anomalies along isotopic chains (e. g. [34, 35, 38] ).
Herein, we systematize the result in such a way, which keeps minimum the difference between the results, obtained in the different models. For this purpose, we will fit the SC radius to the value which results in the same values of w 1s and w 2s , as far as possible, to those obtained in the VC model, respectively. For this purpose, we note that the both models only differ by the penetration matrix element t i . Given an R V C c radius, the fit of the R SC c radius was fulfilled by minimization of the following form:
Even in such different models as the ones we use, the coincidence of the HFS values is achieved up to six decimals. For the purpose of better comparison to experiment, we added the latest values of QED corrections to the calculated HFS values [12] : ∆E 1s QED = -0.0268 eV, ∆E 2s QED = -0.005 eV, and used the contribution from the electron-electron interactions for the Li-like configuration from Ref. [12] , where they were calculated up to the third order of 1/Z: ∆E 2s e−e = -0.030 eV. The results are presented in Table 1 for various representative values of the radii of the models. In the first and third columns, R V C c and related R SC c radii are listed, respectively. The resulting rms radii turn out to be different in the both models. In Table 2 : Calculated ζ and SD values for the VC and SC models for the same representative values of the model radii as in Table 1 . The SD values are presented in meV order to show this, we list the rms R (12) that the condition of model independence of the ζ value is equivalent to the condition that both of the t ν values, and therefore, both of the W 1s and W 2s HFS's, might be fitted simultaneously by different models. This condition is looser than mere proportionality of the 1s-and 2s wave functions [8] , not speaking on that the proportionality is in fact broken by the e − e interactions, QED effects etc. Naturally, if the equivalence of the models were full, the ζ value would coincide in the both models. Differences in the W i values also give rise to the differences in the ζ-and ∆ ′ E values. All these consequences are illustrated in Table 2 for the same representative model radii as in Table 1 . In accordance with what is said previously, Table 3 , together with the experimental data. As one can see, the results are not critical to the µ value: decrease of the latter correlates with adequate decrease of the fitted R c value without worsening the quality of the fit. A similar fit can be performed, using the SC model. The results obtained in paper [14] within the framework of the two-parameter magnetic moment method are also presented. They are in good agreement with the present calculations. For comparison, the results of Refs. [12, 19] are also listed. One can see that the latters are in worse agreement with experiment. In contrast, the authors of [19] are quite satisfied by their fit. Here is the key point to understanding the 209 Bi hyperfine puzzle. As a matter of fact, the authors of [19] compare to experiment not the W i values themselves, but the SD values instead, which are specially constructed by themselves for this purpose. That such a way is misleading, is explained previously. This delusion leads to underestimated values of the radii of the nuclear magnetization, as compared to ours.
Conclusion
We performed study of some effects arising in description of the BohrWeisskopf effect. As expected, the above results disavow the concept of the specific differences as a significant model independent value. These exhibit even stronger sensitivity to the models used than the HFS themselves. On the other hand, they show that there is no fundamental problem in the interpretation of the Bohr-Weisskopf effect: by mere fitting the parameters, the effect can be equally well reproduced by either of the models within six decimals, which is quite enough for the present purposes. At the same time, we have to conclude that such an equivalence means absence of physical sense in agreement of either of the models with experiment. In the other words, one cannot conclude that the real distribution is surfaceor volume-like one, based on agreement with experiment, as the models are mutually exclusive.
Regarding the calculated values of HFS, they remain in general agreement with experiment, as in [14] . This is true with both values of µ n = 4.1106 and 4.092, with the corresponding values of the model parameters R V C c and R SC c . Without going into details, let us draw an analogy of the results obtained above with the proton radius puzzle. The proton rms radius extracted from the levels in muonic hydrogen turns out to be different from that retrieved by means of electron scattering experiment. But we already saw above that description of the levels does not provide the rms radius unambiguously. Instead, the value retrieved depends on the model used. Cf. also Refs. [39, 40] .
An alternative way, based on the two-parameter model, was proposed in Ref. [14] . This way allows one to unambiguously retrieve objective characteristics of the distribution of magnetism inside the nucleus, such as the second and fourth moments. Model independence of the values thus obtained has been demonstrated in [14] . Within this method, the difference obtained above in the rms values, calculated within the SC and VC models, can be attributed as a manifestation of the truncated terms, containing R 4 and higher moments. Analysis of the results presented in Table 3 suggests that it might be impossible to describe the HFS values for the both levels simultaneously within the framework of an one-parameter model. The two-parameter method of magnetic moments [14] can. Further research, both experimental and theoretical, is needed in order to better understand the above peculiarities. Specifically, measuring the 2p 1/2 HFS value may be critical to this end [14] .
